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ABSTRACT 
A Magnetic Control  System f o r  A t t i t u d e  Acquis i t ion  
This  r e p o r t  de sc r ibes  a s p a c e c r a f t  magnetic a t t i t u d e  
acquis i t - ion  system t h a t  is capable o f  zrlltomatically despinning 
s s a t e l l i t e  from a r b i t r a r i l y  high r a t e s  arcund any a x i s ,  and 
provides  te rmina l  o r i e n t a t i o n  t h a t  makes cap tu re  by convent ional  
f i n e  c=. l'rcl a t t i t u d e  c o n t r o l  systems rou t ine .  The system con- 
sists C L  a 3-axis magnetometer, a set  o f  3 cr thogonal  magnets, 
:~, .8  appropr ia te  e n t r ~ l  log ic .  No e a r t h  s enso r  is required.  
Acquis i t ion is treated i n  two phases. During t h e  despin  phase 
w e  are concerned k i t h  removing t h e  tumbling motion of  t h e  s a t e l l i t e  
I n  t h i s  phase the performance o f  t h e  system is unaf fec ted  by the 
presence o r  absence o f  a momentum wheel. Phase 2 ,  t h a t  of  
o r i e n t i n g  t h e  s p a c e c r a f t  t o  t h e  d e s i r e d  a t t i t u d e ,  r equ i r e s  t h a t  a 
momentum b i a s  wheel be  D r ~ s P a .  I n  t h e  t e rmina l  o r i e n t a t  ion ,  the 
&is ot  me m -wheel is s u b s t a n t i a l l y  perpendicular  t o  t h e  
o r b i t  p lane  ( r o l l  and yaw e r r o r s  near  ze ro)  and the p i t c h  r a t e  of 
the s a c e i l i t e  is a t  t w i c e  o r b i t  r a t e .  
This r e p o r t  de sc r ibes  t h e  a n a l y s i s  and s imula t ion  t h a t  has  
been done i n  eva lua t ing  t h e  performance s f  t h i s  system. A veii- 
configured system w i l l  r e s u l t  i n  despin  t i m e s  of t h e  order  05 5 
o r b i t s  p e r  RPM f o r  s p a c e c r a f t  i n  low e a r t h  o r b i t s ,  Following 
despin ,  t e rmina l  o r i e n t a t i o n  is achieved after another  one to  
t h r e e  o r b i t s ,  depending on t h e  cap tu re  rafige of  the as soc i a t ed  
f i n e  c o n t r o l  system. 
While this r e p o r t  does n o t  d e s c r i b e  the! phys i ca l  hardware, 
tire system can be implemented inexpensively  uikh weight less than 
2 ibs. and F o w e r  o f  about  3 wat t s .  
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CAST, OF CHARACTEKS 
( I n  Order o f  Appearance) 
A vec to r  (genera l )  
Magnitude of  t h a t  vec to r  
i t h  component o f  
- 
I n e r t i a  t e n s o r  
Moment of  i n e r t i a  about i t h  coo rd ina t e  a x i s  
- 
Torque 
System t o t a l  angula r  momentum 
Angular v e l o c i t y  
System angula r  momentum cor ; t r ibut ion from wheels 
K ine t i c  energy 
Magnetic 6 i p o l e  moment 
Magnetic f l u x  d e n s i t y  
O r b i t a l  r a t e  
Unit  vec to r  a long t h e  o r b i t  r.orma1 
Constants 
Time i n t e r v a l s  
I n i t i a l  s p i n  momentum (no t  due t o  wheels) 
A parameter 
Angular v e l o c i t y  
A "small" change i n  x 
An equiva len t  moment o f  i n e r t i a  about  t h e  3 ax is .  
Defined by Eq. (C7) 
Defined by Eq. (E10) & ( E l l )  
A matr ix  (page E-2 & E-3j 
A vec to r  whose coznponents a r e  (6o1,6w2,6B1,6~2) 
The Laplace Operator 
Laplace t ransform of  (t) 
Inverse  Laplace t ransform 
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1 INTRODUCTION 
I n  t h i s  r epo r t  w e  w i l l  be concerned wi th  t h e  d e s c r i p t i o n  and I eva lua t ion  o f  a  magnetic a c q u i s i t i o n / a t t i t u d e  c o n t r o l  system. The 
work descr ibed  here  has  been performed dur ing  t h e  l a s t  s e v e r a l  
I months, p r i n c i p a l l y  by t h e  au thor ,  wi th  t h e  a s s i s t a n c e  and guidance of Messrs. David Sonnabend, and Robert Fowler. This work was done 
under c o n t r a c t  #NASS-21649, a t  i h e  behes t  o f  t h e  Systems Analysis  
1 Branch, GSFC, Greenbelt ,  Maryland. The o r i g i n a l  concept o f  t h i s  
_1 system w a s  suggested by Seymor Kant, Head, Systems Analysis  Branch, GSFC. 
The a t t i t u d e  c o n t r o l  system descr ibed  h e r e  is  designed t o  
- 
- 
"despin" a  s a t e l l i t e  and then o r i e n t  it tc any p r e f e r r e d  Ear th  
-._ referenced a t t i t u d e .  This i s  done t h r u  i n t e r a c t i o n  wi th  t h e  
Ea r th ' s  magnetic f i e l d .  An i n t e r e s t i n g  f e a t u r e  o f  t h e  system is 
t h a t  it requ i r e s  no Ear th  sensor .  
- I I n  t h i s  r e p o r t  w e  w i l l  d i s cus s  t h e  c o n t r o l  law f o r  despinning t h e  s a t e . ' l i t e  and t h e  mechanism thru.which some p r e f e r r e d  a t t i t u d e  is a t t a ined .  Then w e  w i l l  d i s c u s s  s t a b i l i t y  cons ide ra t ions  a s  they 
apply t o  t h i s  system. Next, system performance is eva lua ted  i n  t h e  
l i g h t  of both  a n a l y t i c a l  r e s u l t s  and s imula t ion  resiilts. W e  w i l l  1 be concerned with both despin and a t t i t u d e  a c q u i s i t i o n  performance. 
F ina l ly ,  some recommendation:; f o r  f u r t h e r  s tudy  a r e  included i n  
case  any p a r t i e s  might b i s h  t o  cont inue t h e  work d i scussed  here. 
Appendix B d i s p l a y s  a l i s t i n g  o f  t h e  FORTRAN program used i n  
t he  d i g i t a l  s imulat ion.  Appendix C reviews some o f  t h e  dynamic 
s t a b i l i t y  theory f o r  dua l  s p i n  s a t e l l i t e s ,  f o r  convenient  re fe rence ,  
b u t  does s o  i n  a  d i f f e r e n t  fash ion  than is usua l ly  employed. The 
r e s u l t s  obta ined a r e ,  o f  course ,  t h e  same a s  usual .  In  Appendix D . 
w e  analyze t h e  equ i l i b r ium p o i n t s  of  o u r  system; t h e  s t a b i l i t y  o f  
t he se  p o i n t s  is b r i e f l y  t r e a t e d  i n  Appendix E,  us ing  some of t h e  
r e s u l t s  o f  Appendix C. . 
1 The au thor  wishes t o  make one f u r t h e r  remark b e f o r e  continuing.  
- The ( d i f f e r e n t i a l )  equat ions  desc r ib ing  t h e  behavior  o f  t h e  system 
:; 1 discussed here in  a r e  nonl inear  and otherwise  i n t r a c t a b l e .  This 
- 
being t h e  case ,  it is n o t  p o s s i b l e  t o  ob ta in  e x p l i c i t  a n a l y t i c a l  
so lu t ions  and recourse  t o  s i m u l a t i o r ~  must b e  made. Much o f  t h e  re- 
-- s u l t s  presented he re  were obtained v i a  a d i g i t a l  s imula t ion  model. 
A.~~rogram,  prev ious ly  w r i t t e n  by t h e  au thor  and noted i n  t h e  r e f e r -  
.I ences ( I) ,  was used t o  t h i s  end. A l i s t i n g  o f  t h i s  program, and an 
--- index o f  computer runs ,  may b e  found i n  t h e  appendices. A b r i e f  
desc r ip t ion  o f  t h e  s imulated s a t e l l i t e  is conta ined  i n  t h e  fol lowing 
- sec t ion .  
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SIMULATED SATELLITE 
Elost of t h e  s imula t ion  runs d e a l t  wi th  a  s a t e l l i t e  wi th  t h e  
following c h a r a c t e r i s t i c s  : (1) moments of  i n e r t i a  of 4 7 . 5 ~ ~ - r n *  , 
( 3 5  s l u g - f t z ) ,  67.9~g-m2 (50 s l u g - f t 2 )  , and 3 3 . 9 ~ ~ - m 2  (25 s l u g - f t - )  
about,  r e spec t ive ly ,  i t s  yaw, r o l i  and p i t c h  axes;  ( 2 )  a  p i t c h  
momentum b i a s  o f  0.944 Nt-m-sec (0.7 l b f - f t - s e c )  ; and (3)  switch- 
ab l e  c o n t r o l  magnets of 1 0 4  pole-cm s t r e n g t h .  There a r e  t h r e e  such 
magnets, one each a long t h e  yaw, r o l l  and p i t c h  axes. W e  again 
no te  t h a t  t h e s e  a r e  p r i n c i p a l  axes f o r  t h e  s a t e l l i t e .  This s a t e l -  
l i t e  is i n  a c i r c u l a r  low a l t i t u d e  o r b i t  wi th  a per iod of  approxi- 
mately 100 min. We no te  however, t h a t  t h e s e  parameters of  o r b i t  
and veh ic l e  a r e  o f  no s p e c i a l  s i g n i f i c a n c e ,  b u t  were chosen merely 
t o  implement t h e  d i g i t a l  s imulat ion.  
DESCRIPTION OF PROBLEM 
r 
In genera l ,  a s a t e l l i t e  i n j e c t e d  i n t o  o r b i t  w i l l  b e  observed 
'I t o  b e  tumbling about wi th  a  c e r t a i n  r e s i d u a l  angula r  ve loc i ty .  This  r is so i n  s p i t e  o f  e f f o r t s  made t o  r e l e a s e  it "gently".  Various de- 
v i ce s  have been u t i l i z e d  t o  d i s s i p a t e  t h i s  r e s i d u a l  motion. In  our  
case ,  t h e  s a t e l l i t e  w i l l  be  launched by a  s p i n  s t a b i l i z e d  rocke t  and 
'1 hence w i l l  b e  i n s e r t e d  i n t o  o r b i t  wi th  an angula r  v e l o c i t y  o f  roughly r 100 RPM about some (known) a x i s .  A s imple  mechanism (a yo-yo) w i l l  
then reduce t h a t  s p i n  t o  t h e  o r d e r  o f  1-10 RPM. However, t h i s  r a t e  
' ] is, i n  genera l ,  s t i l l  s o  high a s  t o  p revent  t h e  basic. a t t i t u d e  con- . - t r o l  system from locking on to  some t a r g e t  ( t h e  Ear th ,  sun,  s t a r s ,  
e t c . ) .  A f u r t h e r  sp in  r a t e  reduc t ion  i s  r equ i r ed ,  p re fe rab ly  t o  say  
5: 0.1 Rp% o r  less. To t h i s  and, such a c t i v e  dev ices  a s  r a t e  gyros,  
4 ?I 1 accelerometers,  and magnetometers coupled t o  gas  j e t  systems,  and 
F 
5. 
passive devices  such a s  eddy c u r r e n t  and magnetic h y s t e r e s i s  rods 
have been enyloyed. E - -  7 $ 
i z
. ' -  Revert ing t o  genera l  terms,  then ,  t h e r e  a r e  two d i s t i n c t  phases of t h e  a t t i t u d e  a c q u i s i t i o n  procedure. The f i r s t  i s  despin ,  1 of which we have j u s t  spoken, and t h e  second is an a t t i t u d e  or ien-  L- 3: 
. - 
t a t i o n  phase which f a c i l i t a t e s  cap tu re  by t h e  b a s i c  c o n t r o l  system. 
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1 The equations descr ibing the  ro ta ry  motion of a s a t e l l i t e  (or  any o the r  r i g i d  body) a r e  most conveniently wr i t t en  f o r  a s e t  
of body f ixed  p r inc ipa l  axes. They a r e  t h e  wel l  known Eu le r ' s  
I Equations of Motion, with terms added t o  account f o r  momentum wheels. To w i t ,  
- - 
where = I w + c 
. o r ,  i n  s c a l a r  form 
1 
'1 The reader is  cautioned t h a t  g rea t  c a r e  should be exercised i f  these axes a re  not  r i g h t  handed. As menticned above, these  axes 
a re  p r inc i2a l  axes passing t h r u  t h e  cen te r  o f  mass. Here,-the Ii 
a re  t h e  moments of i n e r t i a  about t h e  i t h  coordinate  a x i s ,  T is t h e  
:] applied torque, and 5 i s  t h e  momentum cont r ibut ion  of t h e  wheels. 
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CONTROL THEORY 
A s  noted above, t h e  a t t i t u d e  a c q u i s i t i o n  system performs two 
p r i n c i p a l  funct ions .  The f i r s t  is  despinning t h e  tumbling s a t e l -  
l i t e ,  and t h e  second c o n s i s t s  o f  providing some p re fe r r ed  o r i en t a -  
t ion .  Consider t h e  former. 
The r o t a t i o n a l  k i n e t i c  energy of  t h e  s a t e l l i t e ,  n o t  inc lud ing  
t h a t  of  any r e a c t i o n  wheels, is  
W e  would l i k e  t o  diminish t h i s  quan t i t y .  I 
- - 
d  (T) = 'i' = Z I ~ ~ ~ ; ~  = T w 
- 
d t  i 
- 
where 7 is t h e  e x t e r n a l  to rque  a c t i n g  on t h e  s a t e l l i t e ,  and 
-r 3 i s  t h e  r a t e  a t  which work is done on t h e  s a t e l l i t e .  
For a d ipo le  k i n  a magnetic f i e l d  B, t h e  to rque  exer ted  by t h e  
f i e l d  - on t h e  d ipo le  i s  
Combining ( 4 )  & ( 5 )  
BODY (B) Now cons ider  t h e  q u a n t i t y  - d  
d t  
..a 
Suppose - d  SPACE ( 5 ) = 6 .  That is ,  w e  s a y  t h a t  t h i s  term is n e g l i g i b l e  
D : 
d t .  
i n  comparison wi th  t h e  o t h e r  two terms. . Then (7 )  becomes > 
.I 
I .  1 2 
b i d c o n t r o l  scAeme is now c l e a r .  we must simply measure :# 3 
along any a x i s  i n  t h e  s a t e l l i t e ,  and then change-the p o l a r i t y  of a ,.3 
magnet ly ing  along t h a t  a x i s ,  keeping t h e  sense  of  EI oppos i t e  t h a t  of 
6 .  This i n su re s  !il : 0 and decreas ing  T. The l i m i t a t i o n s  o f  such a  4 
%% 
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scheme a r e  a l s o  c l e a r .  Equation ( 9 )  is  v a l i d  on ly  when ( 8 )  i s  
v a l i d ,  t h a t  i s ,  i f  - dSPACE(E) is t r u l y  n e g l i g i b l e  i n  comparison 
,d t  
w i t h  x E. Now, B v a r i e s  i n  i n e r t i a  s ace-as s in2wot,  where 
oo i s  t h e  o r b i t a l  f requency.  Thus, - dspRcE(B) i s  e q u i v a l e n t  t o  
-at: 
a  body r a t e  of  2wo, and a s  long  a s  w IS, s a y ,  an o r d e r  o f  magni- 
tude  g r e a t e r  than  2wo (about  0 .002  r a d l s e c  f o r  low a l t i t u d e  
o r b i t s )  , we may s a f e l y  n e g l e c t  - dSPACE (E) . 
d t  
For reasons which w i l l  become c l e a r  l a t e r ,  the  chosen con- 
t r o l  c o n f i g u r a t i o n  invo lves  t h r e e  magnets.. These l i e  a long  t h e  
p r i n c i p a l  axe; o f  t h e  v e h i c l e  and a r e  c o n t r o l l e d  by magnetometers 
(which measure t h e  f i e l d  component) a long  t h e s e  same axes .  The 
c o n t r o l l e r  o p e r a t e s  i n  a  f l i p - f l o p  manner, s w i t c h i n g  t h e  magnets '  
p o l a r i t y  t o  keep t h e  M i  o p p o s i t e  i n  s e n s e  t o  B i t  as measured by 
magnetomet.ers on board  t h e  s a t e l l i t e .  
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TERMINAL ORIENTATION 
We now c o n s i d e r  t h e  second phase o f  a t t i t u d e  a c q u i s i t i o n ,  
o r i e n t a t i o n .  W e  wish t o  a t t a i n  some p a r t i c u l a r  a t t i t u d e .  A s  long  
as t h i s  p r e f e r r e d  m i e n t a t i o n  i s  w i t h  r e s p e c t  t o  t h e  E a r t h ,  any 
d e s i r e d  a t t i t u d e  may b e  a t t a i n e d .  I n  t h i s  s e c t i o n  w e  w i l l  c o n f i n e  
o u r  d i s c u s s i o n  t o  a  s a t e l l i t e  having on ly  a  p i t c h  momentum b i a s .  
Other  momentum whee l s ,  i f  any,  a r e  n o t  y e t  a c t i v a t e d  a t  t h i s  p o i n t .  
The arguments advanced below a r e  n o t  a s  r i g o r o u s  as might be de- 
s i r e d  b u t  it i s  f e l t  t h a t  t h e i r  p h y s i c a l  appea l  more than  compen- 
s a t e s  f o r  t h a t .  i 
Consider  t h e  s a t e l l i t e  t o  b e  o r b i t i n g  t h e  E a r t h  a t  a n g u l a r  
r a t e  wo, and assume a l s o  t h a t  it has  been comple te ly  despun. Then 
it must b e  t h a t  t h e  s a t e l l i t e  i n t e r p r e t s  t h i s  s i t u a t i o n  a s  though 
it were s p i n n i n g  backwards a t  a n g u l a r  v e l o c i t y  -2woen, where en i s  
a  ' u n i t  v e c t o r  normal t o  t h e  p l a n e  of  o r b i t  (and whose s e n s e  is  
determined by t h e  d i r e c t i o n  o f  o r b i t ) .  T h i s  i s  because  t h e  s a t e l -  
l i t e  s e n s e s  t h e  E a r t h ' s  magnetic  f i e l d  p a s s i n g  by i t  twice p e r  
o r b i t .  Note t h a t  t h e  t r a j e c t o r y  yaw and r o l l  a x i s  components o f  
t h e  E a r t h ' s  f i e i d  va ry  as s i n  28, where 8 i s  t h e  a n g l e  i n t o  o r b i t  
from some r e f e r e n c e  p o i n t .  S i n c e  t h e  sys tem "senses"  an a n g u l a r  
v e l o c i t y  whose d i r e c t i o n  is -en, it res,ponds w i t h  a  c o r r e c t i v e  
t o r q c e  a long  t h e  d i r e c t i o n  +en. The n e t  r e s u l t  of  such a  t o r q u e  
- must be  t o  g r a d u a l l y  a l i g n  t h e  sys tem momentum b i a s  (which p r o p e r l y  
l ies  a long  t h e  v e h i c l e  p i t c h  a x i s )  w i t h  t h e  o r b i t  normal. I n  t h i s  
way t h e  p roper  yaw-rol l  a t t i t u d e  i s  a t t a i n e d .  It i s  t h e  f a c t  t h a t  
t h e  s a g e l l i t e  is  - n o t  s p i n n i n g  a t  2wo t h a t  r e s u l t s  i n  t h e  n e t  t o r q u e  
a long en which i n  t u r n  a l i g n s  t h e  momentum b i a s  w i t h  t h e  o r b i t  
normal. But what i f  it had been s p i n n i n g  a t  200 o r i g i n a l l y ,  o r  i n  
some w3y reached t h i s  s t a t e .  I t  is  a p p a r e n t  t h a t  t h i s  cou ld  o c c u r  
i n  only  two ways. Tha t  is ,  t h e  sys tem momentum must b e  e i t h e r  
p a r a . l e 1  o r  a n t i p a r a l l e l  t o  Gn. I f  t h i s  is n o t  so, t h e n  a  component 
of t n i s  momentum l i e s  i n  t h e  o r b i t  p l a n e  and a  body f i x e d  t o r q u e ,  
a l s o  l y i n g  i n  t h e  o r b i t  p l a n e  and of  t h e  correct magnitude would be 
requixed t o  f o r c e  t h e  body t o  r o t < i t e  abou t  En a t  2wo. Where is t h i s  
t o r q u e  t o  come from? The a u t h o r  does  n o t  b e l i e v e  i n  i ts  e x i s t e n c e  
and hence concludes  t h a t  t h e  sys tem momentum b i a s  must l i e  p a r a l l e l  
o r  a n t i p a r a l l e l  t o  g, i f  it is  t o  r o t a t e  a t  2wo. Both o f  t h e s e  
. s i t u a t i o n s  correspond t o  e q u i l i b r i u m  p o i n t s .  W e  s imply  n o t e  h e r e  
t h a t  t h e  a n t i p a r a l l e l  s i t u a t i o n  is n o t  a  s t a b l e  c o n d i t i o n .  
Our conc lus ions  a r e  then  t h a t  t h e  s a t e l l i t e  w i l l  event!ially 
a l i g n  i t s  momentum b i a s  a x i s  ( i n  o u r  c a s e ,  t h e  p i t c h  a x i s )  w i t h  t h e  
o r b i t  normal and t h u s  p rov ide  yaw-rol l  a t t i t u d e  acquisition. If 
t h e  r e a d e r  is n o t  comple te ly  convinced o f  t h i s  by t h e  r a i h e r  unb 
r igorous  arguments advanced h e r e ,  we r e a s s u r e  him by n o t i n g  t h a t  
cons ide rab le  s i m u l a t i o n  exper ience  is  comple te ly  i n  accord  w i t h  the 
above a n a l y s i s .  A f u r t h e r . d i s c u s s i o n  concern ing  t h e  amount o f  
momentum b i a s  r e q u i r e d  i n  t i le  above scheme and t h e  effects of more 
than one momentum wheel ,  etc. ,  a r e  r e s e r v e d  f o r  l a t e r  s e c t i o n s .  
Refer t o  t h e  s e c t i o n  t i t l e d  "System performance" and see Appendix C. 
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STABILITY CONSIDERATIONS 
,. 
The d e s i r e d  a c t i o n  o f  t h e  c o n t r o l  law j u s t  developed i s ,  
of  course ,  t o  reduce  t h e  a n g u l a r  v e l o c i t y  o f  t h e  s a t e l l i t e  t o  
zero.  Such a  c o n d i t i o n  i s  n o t ,  p r o p e r l y ,  an e q u i l i b r i u m  p o i n t  
f o r  o u r  system, s i n c e  no p r o v i s i o n  has  been made, a s  o f  y e t ,  f o r  
a  n u l l  s t a t e  f o r  t h e  magnets. They a r e  always on ,  having one 
p o l a r i t y  o r  t h e  o t h e r ,  and t h e  s a t e l l i t e  always has  some a n g u l a r  
a c c e l e r a t i o n ,  hence t h e  sys tem p o s s e s s e s  no  e q u i l i b r i u m  p o i n t s .  
It would be  easy  however, t o  i n s e r t  deadzones i n  t h e  magncL 
c o n t r o l l e r s .  Provided t h e s e  deadzones a r e  l a r g e  enough .;..-yl. , ? n t  
magnet a c t i v a t i o n  due t o  t h e  r e l a t i v e l y  s m a l l  term - dSPp . i B )  i,. 
d t  
( 7 )  (which t h e  s a t e l l i t e  exper iences  due t o  i t s  o r b i t a l - m o t i o n  an9 
t h e  r o t a t i o n  o f  t h e  E a r t h )  , t h e n ,  t h e  c o n d i t i o n  w = 0, B = any ,  i s  
' an e q u i l i b r i u m  p o i n t .  I f  t h i s  s o r t  o f  p r o v i s i o n  is  n o t  made, t h e n  
it would seem t h a t  t h e  s a t e l l i t e  should  behave i n  some s o r t  o f  
. q u a s i - o s c i l l a t o r y  manner, a t  s m a l l  a n g u l a r  r a t e s .  That  t h i s  con- 
d i t i o n  would, once a t t a i n e d ,  p e r s i s t ,  seems q u i t e  p l a u s i b l e  from 
t h e  a n a l y s i s  above. I t  i s  n o t ,  however, a  s i m p l e  m a t t e r  t o  t a l k  
about  e q u i l i b r i u m  p o i n t s  and s t a b i l i t y .  The e q u a t i o n s  d e s c r i b i n g  
t h i s  sys tem a r e  q u i t e  i n t r a c t a b l e ' t o  o r d i n a r y  s t a b i l i t y  a n a l y s i s .  
For  one t h i n g .  t h e  c o n t r o l  law i s  b i n a r y .  Even i f  w e  r e p l a c e  it 
w i t h  a  l i n e a r  law ( t h e  f i r s t  term o f  i t s  d e s c r i b i n g  f u n c t i c n )  t h e  
r e s u l t i n g  sys tem e q u a t i o n s  c o n s i s t  of s i x  f i r s t  o r d e r  n o n l i n e a r  
d i f f e r e n t i a l  equa t io l  a ;  t h r e e  i n v o l v e  q u a d r a t i c  combinat ions ,  t h e  
o t h e r  t h r e e  c u b i c  c o n b i n a t i o n s  o f  t h e  s t a t e  v a r i a b l e s  (wl ,  w2, w3, 
B1, B21 B j ) .  
We shou ld  n o t e  h e r e  t h a t  i f  t h e  sys tem has  e i t h e r  a  b i n a r y  
c o n t r o l  law w i t h  deadzones o r  a  l i n e a r  c o n t r o l  law ( t h a t  i s ,  M = 
I .  
-KE) , t h e n  t h e r e  a r e  an i n f i n i t y  o f  p r o p e r  e q u i l i b r i u m  p o i n t s .  
These p o i n t s  be long  t o  one o f  f o u r  d i s t i n c t  c l a s s e s .  However, i n  - 
o r d e r  t o  s p a r e  t h e  r e a d e r ,  a  d i s c u s s i o n  o f  t h e s e  p o i n t s  and t h e i r  
s t a b i l i t y  is  r e l e g a t e d  t o  Appendix D. s u f f i c e  it t o  s a y  t h a t  
some o f  t h e s e  p o i n t s  ( o t h e r  than  w = 0 )  can  b e  shown, by a n a l y s i s ,  
t o  be  n e u t r a l l y  s t a b l e .  F u r t h e r ,  s i m u l a t i o n  r e s u l t s  show t h a t  i n  .. 
some domain some o f  t h e  p o i n t s  a r e  s t a b l e .  
There a r e  o t h e r  problems too .  We a r e  p a r ~ i c u l a r l y  i n t e r e s t e d  
i n  i n v e s t i g a t i n g  t h e  e x i s t e n c e  o f  any s o  c a i l e d  "psuedo e q u i l i b r i u m  
p o i n t s "  (PEP'S for b r e v i t y ) .  S i n c e  - ~SPACE(B) + 0 ,  and t h e r e  a r e  
d t  
va r ious  d i s t u r b a n c e  t o r q u e s  a c t i n g  on o u r  s a t e l l i t e ,  and t h e  
system e q u a t i o n s  a r e  n o n l i n e a r ,  t h e r e  may b e  p o i n t s  which a r e  n o t  
proper ly  e q u i l i b r i u m  ( s t a t i o n a r y )  p o i n t s  b u t  n e a r  which t h e  sys tem 
might "hang up". Here w e  a r e  t a l k i n g  p r i n c i p a l l y  abou t  l i , n i t  c y c l e  
behavior ,  b u t  must a l s o  b e  concerned w i t h  v a r i o u s  ( a s  y e t  unknown) 
f o r c i n g  f u n c t i o n s .  
I n  view o f ' t h e s e  d i f f i c u l t i e s ,  it was dec ided  t h a t  d i g i t a l  
. s imula t ion  was t h e  most s u i t a b l e  t o o l  f c ~ :  e v a l u a t i n g  t h i s  system. 
A d i s c u s s i o n  o f  . t h e  r e s u l t s  o f  chis s i m u l a t i o n  work i s  . r e s e r v e d  
f o r  t h e  nex t  s e c t i o n  and Append~x  E. 
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Although t h e  a c t u a l  s t a b i l i t y  ana lys r s  i s  put  o f f  u n t i l  
appendices C and E ,  t h e  conclusions  and impl ica t ions  of those  
analyses  a r e  reviewed here .  F i r s t ,  we no te  t h a t ,  f o r  a  veh ic l e  
configured a s  descr ibed  i n  t h e  s e c t i o n  "Simulated S a t e l l i t e "  
( t h a t  is  t o  cay, t h e  proposed v e h i c l e ) ,  t h e  terminal  condi t ion 
(o r  behavior)  corresponds t o  a  s t a b l e  equi l ib r ium poin t .  This 
is ,  of  course ,  most d e s i r a b l e .  We ,again no te  t h a t  t he  "upside 
down" o r i e n t a t i o n  ( t h a t  i s ,  wi th  t h e  p i t c h  a x i s  f l i pped  over)  
corresponds t o  an uns tab le  equ i l i b r ium s t a t e ;  t h i s  t oo  is  
soothing.  F i n a l l y  we no te  t h a t ,  f o r  o u r  veh ic l c ,  a  s p i n  r a t e  
of up t o  27 .8  x  10-3 radians/sec .  about t h e  p i t c h  a x i s  a l s o  may 
be a  s t a b l e  equi l ib r ium s t a t e .  
This  s t a b i l i t y  conclusion neg lec t s  t h e  f a c t  t h a t  t h e  d i r ec -  
t i o n  of  5 i n  space changes 6s t h e  s a t e l l i t e  o r b i t s  t h e  Ear th .  
This t u r n s  o u t  t o  be  a  sav ing  grace.  Nonetheless,  f o r  s t rong  
enough magnets, t h e  s a t e l l i t e  may " t r ack"  t h e  f i e l d .  During such 
a , p e r i o d  it is  poss ib l e  t h a t  t h e  despin  r a t e  may be reduced by a s  
much a s  a f a c t o r  of f i f t y .  For t h i s  reason it might be advisab le  
t o  i n s e r t  a  mode switch f o r  d i s a b l i n g  t h e  despin system f o r  an 
e igh th  o r b i t  or  s o  i f  it seems a s  though t h i s  has occuxed. A t  
t h e  end of  t h a t  t i m e  and 5 would no longer  be  p a r a l l e l  and hence 
t h e  despin system w i l l  again  perform proper ly .  
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SYSTEM PERFORMANCE 
Having convinced t h e  reader '  ( h o p e f u l l y )  t h a t  o u r  sys tem work;, 
we now a t t e m p t  tc; answer t h e  q u e s t i o n  - how w e l l ?  A s  b e f o r e ,  we 
s h a l l  f i r s t  b e  concerned w i t h  t h e  d e s p i n  phase. 
- - 
A s  t h e  sys ten ,  1. . . ne t i c  energy ;* I g o  t e n d s  towards z e r o  ( t h i s  
was a s s u r e d  i n  t h e  s e c t i o n  t i t l e d  "Cont ro l  Theory" ) ,  s o  must ; and 
t h e  sys tem momentum f . E  ( t h i s  o f  c o u r s e ,  excludes  t h e  wheels  ' 
momenta) I n  f a c t ,  t h e  d e s p i n  p r o c e s s  may be looked on as a re- 
d u c t i o n  o f  t h e  momentum t e r m  f , ;  t o  zero .  I n  t h e  ve ry  b e s t  c a s e  
t h i s  r e q u i r e s  a t ime A t o p t  g iven  by 
'nax 
- 
Mi3 
- - - 
Here Po = I * W i n i t  i s  t h e  i n i t i a l  momentum of  t h e  body o t h e r  chan 
t h a t  due t o  t h e  wheels .  It is  u s e f u l  t o  c o n s i d e r  an " e f f i c i e n c y  
f a c t o r "  a ,  
where a o f  c o u r s e  l ies between z e r o  and one. a is a f u n c t i o n  of 
va r ious  pa ramete r s ,  such a s  W i n i t ,  t h e  i n e r t i a  ~ o n f i g u r ~ ~ t i d n  o f  
t h e  s a t e l l i t e ,  and t h e  a l t i t u d e  and i n c l i n a t i o n  o f  o r b i t .  Tha t  a 
i s  l e s s  t h a n  one i s  a r e f l e c t i o n  o f  t h e  f a c t  t h a t  fi is  n o t  $ways 
pe rpend icu la r  t o  B and t h a t  ? does  n o t  always l i e  o p p o s i t e  i.,. 
- 
For a g iven sys tem , o n f i g u r a t i o n  (5 & k) and a g iven  o r b i t  
and i n i t i a l  c o n d i t i o n s  (de te rmin ing  w, E) w e  shou ld  b e  a b l e  t o  de- 
termine a and hence t h e  t i m e  f o r  desp in .  Th i s  was t h e  g o a l  of much 
of our  e a r l y  s i m u l a t i o n ,  i n  which v a r i o u s  o r b i t s ,  i n i t i a l  c o n d i t i o n s  
aad system c o n f i g u r a t i o n s  were e v a l u a t e d .  Th i s  s i m u l a t i o n  shows 
t h a t  a g e n e r a l l y  l i e s  i n . t h e  range  0.55-0.80. For t h e  worst c a s e ,  
a nea r  e q u a t o r i a l  o r b i t  w i t h  i n i t i a l  s p i n  a l o n g  t h e  f i e l d  v e c t o r ,  
a may b e  a s  poor a s  0.15-0.20. 
Another way t o  look a t  t h e  performance o f  t h i s  sys tem i s  from 
an energy p o i n t  o f  view. Consider ,  f o r  s i m p l i c i t y ,  r o t a t i o n  abou t  
a s i n g l e  a x i s .  . 
The l a s t  of  t h e s e  e q u a t i o n s  s a y s  t h a t  W r  and t h e  a n g u l a r  momentum 
Iw, a r e  always dec reas ing .  The cons tancy  of t h i s  r a t e  o f  d e c r e a s e  
depends on t h e  cons tancy o f  a. We ara o f  c o u r s e  assuming t h a t  T 
has t h e  p roper  sense .  
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'The a t t i t u d e  a c q u i s i t i o n  p a r t  o f  t . ~ e  problem is  more d i f f i c u l t  
t o  analyze.  I f ,  f o r  example h  approaches 0 w e  w i l l  n o t  acqu i re .  
But a l s o  i f  h  approaches i n f i n i t y  w e  w i l l  a cqu i r e ,  b u t  it w i l l  t ak?  
i n f i n i t e  t i m e .  ~ l s o ,  i f  M approaches 0 or i n f i n i t y  w e  w i l l  n o t  
a t t a i n  t h e  proper  a t t i t u d e .  I n  view o f  t h e s e  c o n s i d e r a t i s n s  it would 
seem t h a t  t h e r e  might be  some rat io o f  momentum b i a s  t o  magnet 
to rque  which would providz  optimum performarrce. By t h i s  w e  mean 
both  minimum time t o  a c q u i r e  and minimum roll-yaw error a f t e r  ac- 
q u i s i t i o n .  Consider t h e  parameter  
which has  t h e  dimensions of t i m e .  I t  is r a t h e r  d i f f i c u l t  t o  say 
anything about  t h i s  problem a n a l y t i c a l l y ,  b u t  t h e  fo l lowing  is 
observed from s imula t ion  runs ,  
W e  f i r s t  n o t e  t h a t  t h e r e  is a  c e r t a i n  minimum b i a s  r equ i r ed  f o r  
t e rmina l  a t t i t u d e  a c q u i s i t i o n .  It is shown i n  Appendix C, eq. ( C l O ) ,  
t h a t  
f o r  us ,  ho = h  + I3fl and S2 = 2- ( f o r  t h e  t e rmina l  c o n d i t i o n ) .  
Thus (CiO) becomes 
For good performance t h i s  amount should  be  exceeded by a f a c t o r  o f  
four  or more. L i t t l e  is gained by i n c r e a s i n g  h  beyond t h i s  po in t .  
I f  w e  now choose a  p a r t i c u l a r  o r b i t ,  t h e  t i m e  and q u a l i t y  o f  ac- 
q u i s i t i o n  ( a f t e r  des2 in  has  been completed) are func t i ons  o f  t h e  
magnet s t r e n g t h  M. Acqu i s i t i on  t i m e  is a l s o ,  o f  course ,  very  much a '  
f u r i c t i ~ n  o f  a t t i t u c e  a t  t h e  conc lus ion  o f  despin.  A (very)  q u a l i t a -  
t i v e  p i c t u r e  o f  t h i s  s i t u a t i o n  is p re sen t ed  i n  F igure  1. As poin ted  
ou t  p rev ious ly ,  f o r  very'weak o r  very s t r o n g  magnets w e  do n o t  a t t a i n  
t h e  d e s i r e d  a t t i t u d e .  The a u t h o r  cannot  ca , i t ion  t h e  r eade r  t o o  
s t rong ly  a g a i n s t  t a k i n g  t h i s  curve  t o o  l i t e r a l l y .  Much more work 
would be needed t o  g e t  a more e x a c t ' p i c t u r e  cf t h i s  phenomena. There 
a r e  t oo  many v a r i a b l e s  and t o o  few p o i n t s  on t h e  curve  o f  Figure  1 
t o  l e t  t h e  au thor  rest comfortably. A s  f o r  t h e  q u a l i t y  o f  roll-yaw 
acqu i s i t i on ,  it is i n t e r e s t i n g  tc n o t e  t h a t  a curve  q u a l i t a t i v e l y  
s imi l a r  t o  Figure  1 may be  used t o  d e s c r i b e  t h i s  a s  w e l l .  F igure  2 
dep ic t s  t h i s  s i t u a t i o n .  N o t e  t h a t  t h e  minimum p o i n t  is s h i f t e d  t o  
abouL 2000 secs. (This  appezrs  t o  be  s i g n i f i c a n t )  and t h e  curve  is 
somewhat f l a t t e r .  The b e s t t h a t  w e  can do appears  t o  be about  2 O -  
Again, t h e  au thor  cannot  over-em?hasize t h e  t e n t a t i v e  n a t u r e  of t h e s e  
f indings.  Considerable work remains t o  be  done i n  t h i s  a rea .  
For a  w e l l  p ropor t ioned system, a c q u i s i t i o n  times a r e  o f  t h e  
order of one o r b i t .  Th is  be ing  t h e  case, it i s  expected t h a t  
optimw. performance w i l l  g e n e r a l l y  be de f ined  i n  t e r n s  o f  q u a l i t y  
of roll-yaw a c q u i s i t i o n  r a t h e r  than  i n  terms o f  minimum time t o  
acquire. 
., -, 3. ...- 
REPRODUCIBILB Y OF THE ORIGINAL COPY S POOR, 
- -  .-.-. 
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RECOMMENDA'..IONS FOR FURTHER WO?& 
The au thor  f e e l s  t h a t  t h z  wolh done t o  d a t e  d e f i n i t e l y  demon- 
s t r a t e s  t h e  f e a s i b i l i t y  and d e s i r a b i l i t y  o f  t h i s  a c q u i s i t i o n  con- 
trol system. Never theless ,  work remains t o  be done. I 
I 
There is t h e  mat te r  o f  system s t a b i l i t y .  While it seems 
apparent  t h a t  t h e r e  a r e  no s t a b i l i t y  problems which might i n t e r f e r e  
wi th  t h e  proper  ape ra t ion  o f  t h e  c o n t r o l  system, nonetheless  it 
would be good i f  w e  ob ta ined  some f u r t h e r  a n a l y t i c a l  r e s u l t s .  I n  
p a r t i c u l a r ,  an a n a l y s i s  i nc lud ing  t h e  e f f e c t s  o f  t h e  change i n  
due t o  o r b i t a l  motion would be  i n t e r e s t i n g .  
As noted,  w e  have n o t  included t h e  e f f e c t s  of  d i s tu rbance  
torques  on t h e  performance o f  t h i s  system. The i r  e f f e c t s  on both 
l i m i t  c y c l e  behavior  and t e rmina l  a t t i t u d e  o r i e n t a t i o n  should be  
i nves t iga t ed .  The i r  n e g l e c t  has  been j u s t i f i e d  up t o  t h i s  po in t  
by t h e  f a c t  t h a t  t h e  magnet t o rques  are a t  l e a s t  an o r d e r  o f  mag- 
n i t u d e  g r e a t e r  than t h e  d i s tu rbances .  
Another a r ea  which needs refinement is t h e  magnetic f i e l d  model 
used i n  o u r  s imulat ion.  So f a r ,  on ly  t h e  s imple  t i l t e d  d i p o l e  has 
been used. The e f f e c t  o f  a more accu ra t e  f i e l d  model on te rmina l  
a t t i t u d e  o r i e n t a t i o n  needs to  be  inves t iga t ed .  
More i n v e s t i g a t i o n  i n t o  t h e  e f f e c t s  o f  deadbands, h y s t e r e s i s  
loops,  and i n h i b i t  c o n t r o l s  p laced  i n  t h e  magnet c o n t r o l  loops  would 
be des i r ab l e .  There is  also t h e  matter o f  c r o s s t a l k  between magnets 
and-magnetonteters. W e  must be  s u r e  t h a t  no uns t ab l e  loop  is  set up 
i n  which swi tch ing  magnets t r i g g e r  magnetometers which i n  t u r n  cause  
the magnets t o  swi tch  again.  
One o t h e r  p o i n t  which w i l l  b e a r  f u r t h e r  i n v e s t i g a t i o n  is  t h e  
p o t e n t i a l  of us ing t h i s  a c q u i s i t i o n  system a s  a complete a t t i t u d s  
po in t ing  system. Used w i t h  a p i t c h  r e a c t i o n  wheel scanner  and sirnplz 
p i t c h  c o n t r o l  loop  w e  would have complete t h r e e  p x i s  con t ro l .  Some 
s t u d i e s  of po in t ing  accu rac i e s  versus  var ious  system parameters would 
be u s e f u l  i n  i n v e s t i g a t i n g  t h i s  p o s s i b i l i t y .  
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APPENDIX B 
DIGITAL SIMULATION PROGRAM LISTING 
Report No. 90345 
This appendix consists of a listing of the digital computer 
program used to simulate control system/satellite behavior. The 
program is quite similar to the one discussed in reference 1, and 
the reader is referred there for a more detailed discussion, flow- 
charts, etc. Its operation may be briefly summarized as follows. 
?.he main program performs the bookkeeping functions of input/ 
output and maintains overall control. What we are doing here is, 
essentially, integrating equation .(I), specialized for the vehicle 
described under "Simulated Satellite". This is done through sub- 
routines WD9T and RK4. An additional problem we must deal with 
here is thhc the applied torques are functions of the vehicle's 
attitude. Namely, they are functions of the Earth's magnetic field 
components as measured in the vehicle. For this reason we must 
keep track of the vehicle's attitude. This is implemented through 
the use of Euler Homogeneous parameters in subroutines EHPQT, NORicl, 
PIAT1, and PIULVEC. The Earth's magnetic field is first obtained 
in trajectory axis components (subroutine BFLDSl), and then trans- 
ferred into 5ody axis components, making use of the direction 
cosine matrix (subroutine EHPA). Subroutine TORQUE then computes 
tne torqaes arising from the interaction between this field and 
the on board magnets. Please note that the subroutine displ-ayed 
contains neither deadzones nor hysteresis loops, although some 
subroutines incorporating them have been used at times. 
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I n  t h i s  appendix w e  cons ider  t l i i  ... iAibrium and s t a b i l i t y  o f  
a dua l  sp in  conf igura t ion .  Although t h i s  work has been done be fo re  
(e.g. re fe rence  6 ) ,  w e  d e r i v e  t h e  r e s u l t s  he re  i n  a s impler  way. 
These r e s u l t s  were obtained independently by t h e  au thor  before  h i s  
acquaintance tvith r e f e rence  6 and are included he re  f o r  complete- 
ness.  
Consider a body'with a s i n g l e  momentum b i a s  whesl; t h e  wheel 
s p i n s  a t  cons t an t  rate and c a r r i e s  angula r  morr~entum h = iO,O,h). 
The body is  sp inn ing  about t h e  same a x i s  as is t h e  rotor; f o r  
d e f i n i t e n e s s  t h i s  is taken as t h e  "3* a x i s .  Suppose w e  cons ider  
the torque  free motion o f  t h e  body i n  t h e  "neighborhood* of an 
equi l ib r ium p o i n t ,  namely 
In the neighborhood of t h i s  p o i n t  I 
. . 
u1 6wlf o1 = &ol (C2 ,a)  i I 
Now, t h e  equa t ions  of.motion,  adapted from eq. (1) are 
~~g + w2{h + w 2 ( I 3  - - 12)) = 0 (C3, a) 
. 
12% - q { h  + w 3 ( 1 3  - Ill} = 0 (C3 ,b) 
I + 1 - 1 )  = 0 ((23, c) 
S u b s t i t u t i n g  eq. (C2) i n t o  t h e s e ,  and dropping second o r d e r  terms 
( involving products  of t h e  6 ~ ' s )  , w e  o b t a i n  
1 ~ 6 ; ~  + 6w2ih (Q + 6w3) (I, - Izl) = 0 - (C4, a) 
r 2 6 4  - 6wl{h + (n + 6w3) ( I ~  - 11)) = o ( ~ 4  ,b)
I,&, = 0 (c4 , c) 
. 
Thus w e  see immediately & w j  = 0 ,  t h e r e f o r e  WJ = R = cons tan t .  . 
Then, equat ions  a and b can be  combined to y i e l d  
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What we have obviously obtained here  is t h e  equation f o r  a 
simple harmonic o s c i l l a t o r .  Consider one spec ia l  case  f i r s t .  I f  
9 i s  "small", then (and o2, which has t h e  same form of so lu t ion)  
o s c i l l a t e s  with c i r c u l a r  frequency 
'1f Q is no t  small ,  le t  us def ine  an equivalent  i n e r t i a  
Then eq. (C5) reads 
It is clear t h a t  i f  e i t h e r  b 
I3= > I1 and IQe > I2 (C9 ,a) 
o r  
- .  
1 3 ~  < I1 and 13e < I2 
t h a t  is, i f  13, is a minimum o r  maximum i n e r t i a ,  then, our  system 
is s t a b l e  i n  t h e  Liapunov sense. On t h e  o t h e r  hand, i f  13e is an 
intermediate i n e r t i a ,  t h e  system is unstable. These r e s u l t s  a r e  of 
a physical ly  appealing na ture  s i n c e  they a r e  of  t h e  same form a s  
t h e  r e s u l t s  f o r  spinning r i q i d  bodies. In  f a c t ,  i f  i n  eq. (C7) 
h = 0, 13e = 13, and those r e s u l t s  a r e  obtained d i r e c t l y .  
For non-rigid (i-e.,  damped) bodies,  these  requirements a r e  
modified somewhat. F i r s t ,  t h e r e  is general ly  l l t t l e  damping on 
the  ro to r ,  and t h a t  which is present  has a d e s t a b i l i z i n g  e f f e c t  
(almost always). Consider then a system with neg l ig ib le  damping 
on t h e  r o t o r  and a non-negligible amount on t h e  main body. I f  ' 
the  sp in  d i r e c t i o n s  are such t h a t  t h e  momenta,of r o t o r  and main 
body add ( Q > O ) ,  it can be shown t h a t  it is necessary and s u f f i c i e n t  
fo r  s t a b i l i t y  t h a t  13e be t h e  major p r i n c i p a l  a x i s  (maximum). Con- 
versely,  i f  M e  momenta oppose each other (QcO), it is necessary 
and s u f f i c i e n t  t h a t  
There i s  one add i t iona l  region of  s t a b i l i t y  for t h i s  system, and 
it e x i s t s  only i f  I 3  is a major axis. The region defined by 
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corresponds t o  13, being a major p r i n c i p ~ l  a x i s  whilo 2<0. A s  
h--+O t h e  above r e s u l t s  reduce t o  t h e  simple major sp in  a x i s  
requirerr?nts. 
Defini t ion (C7) may be combined w i t h  this observation i n t o  
a simple r u l e ,  t o  w i t  
where is the  system momentrua bias . (equal t o  h + 13Q) , and I = 
max(I1, 12). This same conclusion is obtained i n  reference 6 
(page A-82). 
The r e s u l t  (C10) has a direct appl ica t ion  t o  t h e  a t t i t u d e  
acquis i t ion  phenomena noted under t h e  sec t ion  "Terminal Orientation".  
Namely, s ince  t h e  magnets w i l l  d r i v e  t h e  s a t e l l i t e  a t  2~ i n  t h e  
terminal o r i en ta t ion ,  and s i n c e  w e  wish t h e  terminal  a t t i t u d e  t o  
correspond t o  a s t a b l e  condi t ion,  it is necessary t h a t  (C10) hold 
f o r  0 = 2200. For a given o r b i t  (which determines wo) and given 
set of  i n e r t i a s ,  t h i s  requirement then s p e c i f i e s  a minimum h. The 
v a l i d i t y  o f  t h i s  conclusion is supported by a number of simulation 
runs. I n  f a c t ,  it was observed t h a t  f o r  good t e r n h a 1  a t t i t u d e  
acquis i t ion  performance t h e  l e f t  s i d e  o f  (C10) should be a t  least 
three or four  times t h e  r i g h t  s ide.  
APPENDIX D 
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Consider t h e  equi l ibr ium s t a t e s  of t h e  acqu i s i t ion  system 
described i n  t h i s  r epor t  under two conditions.  ( a )  The magnetic 
f i e l d  i s  f ixed i n  t r a j e c t o r y   xis coordinates ,  t h a t  is 
an-d (b) , t h e  magnet c o n t r o l l e r s  employ a l i n e a r  law 
= -6 ( D 2  
. 
where is  t h e  time r a t e  of change of 6 a s  neasured i n  t h e  v e h i ~ l . 3 .  
As mentioned i n  t h e  body of t h i s  repor t ,  under the  sec t ion  t i t l e a  
"S tab i l i ty" ,  t h i s  system has no equilibri l-m poin ts  unless some 
modification is  i n d e  t o  t h e  f l i p - f l o p  magnet cont ro l  law. K O . ~  , 
l e t  us consider  the equ i l ik -  ium poin ts  poss ib le  under t h e  two con- 
d i t i o n s  above. 
The behavior of  our  system may be c o ~ ~ : e t c l y  character ized by 
t h e  s i x  s t a t e  va r i ab les  w l ,  ~2 03, B l ,  B2, B3 . B;ililibrium poin ts  
may be i d e n t i f i e d  by s e t t i n g  t h e  time de r iva t ives  of thzse  va r i ab les  
t o  zero  and so lv ing  t h e  r e s u l t i n g  s i x  equations i n  s i x  unknowns. 
That 'is, w e  r equ i re  
. 
- 
w = O  (D3 
- 
B = E x ' , = o  eq. (8 )=  ( D 4 )  
S t a r t i n g  - with equation (I), ye make the followin s u b s t i t u t i o n s :  
= - o (torque f r e e  motion), i; = 0  (constant wheel) t and eq- (1') 
- - k = I-@ + L. W e  then obta in  
The r i g h t  hand s i d e  o f  (D5) equals zero according t o  (D3). +n 
equilibrium po in t  must then,  by d e f i n i t i o n ,  s a t i s f y  equations ( D 4 )  
and (D5). (D4) simply requi res  t h a t  
where a ( t )  may o r  may n o t  be zero and may o r  may n o t  be constant.  
Now, i f  . 
That is, w e  have a p i t c h  wheel only, then (D5) becomes, i n  s c a l a r  
form 
(D5, modified) 
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From t h e  above d i scuss ion  we now o b t a i n  t h e  fol lowing r e s u l t s  
- 
(1) w = (0,  0 ,  0 ) ,  = any, a = 0 i s  an equ i l i b r ium 
p o i n t ,  s i n c e  it c l e a r l y  s a t i s f i e s  eq. ( D 4 )  & (D8). 
- 
(11) w = { O ,  any, h / ( I z  - I j l  1 8 5 11 is an equi l ib r ium 
poin t .  . 
- 
(111) w = {any, 0 ,  h / ( 1 i  - 13) ), 611 ; is an equ i l i b r ium 
poin t .  
- 
( I V )  w = (0,  0 ,  any),  6 11; is  t h e  l a s t  equ i l ib r ium po in t .  
These fou r  classes conta in  a l l  t h e  equi l ib r ium p o i n t s  of  t h i s  system. 
In  pass ing  I n o t e  ( f o r  t h e  mathematicians among us )  t h a t  t h e r e  are 
an i c f i n i t y  o f  equ i l ib r ium p o i n t s .  N o t e  a l s o  t h a t  _at equi l ib r ium 
a p o i n t s ,  B 0  so 2 = 0  and s o  t h e  f a c t  t h a t  w e  s e t  T = 0  a t  t h e  
o u t s e t  does n o t  a f f e c t  t h e  v a l i d i t y  o f  t h e  r e s u l t s  ob ta ined  here.  
There is, cu r ious ly ,  an  a l t e r n a t e  method of  ob ta in ing  t h e s e  
same r e s u l t s .  S t a r t i n g  wi th  t h e  equat ion o f  motion (1). t h e  c o n t r o l  
law. (D2) , and t h e  assumptions ( D l )  and (D7), w e  have 
-4 c .i-" 
.where w e  have dropped t h e  second o r d e r  terms involv ing  products  of  B 4 
+ t h e  w's. Using eq. (D2) and (D4), w e  o b t a i n  
.I M3 = K(olB2 - wZB1) CI Remembering eq. (5) 
I 
and s u b s t i t u t i n g  i n t o  eq. (D9), we o b t a i n  9 
-1 I l k l  + wzh = B3K(wgB1 - olB3) - B2K(wlB2 - w2B1) ( D l 1  ,a) i 4 
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I Using t h e  d e f i n i t i o n  of  equ i l ib r ium p o i n t s  
(here  we a r e  cons ider ing  only o as a  s t a t e  v a r i a b l e ,  
n o t  ij) . 
w e  ob ta in  t h r e e  l i n e a r  homogeneous equa t ions  i n  t h e  t h r e e  unknowns - 
W l r  w2, and w j .  For a  s o l u t i o n  to  e x i s t ,  t h e  determinant of  t h e  
i c o e f f i c i e n t s  must equal  zero. That  is  
This equat ion reduces t o  
s u b s t i t u t i n g  t h i s  back i n t o  eq. (D11)  w e  have 
2 
~~j~ + w2h = -B3Ko1 ( D l 4  , a )  
. 
1 3 ~ 3  = 0 ( ~ 1 4 , ~ )  
. 
Since .= 0, we ob ta in  t h e  fol lowing equ i l i b r ium condi t ion  
This r e s u l t  is  n o t  v a l i d  i f  w3 i s  l a r g e ,  s i n c e  w e  neg lec ted  
q ( 1 3  - 12) and 03(13 - 11) i n  comparison t o  h i n  w r i t i n g  eq. (D9). 
To the  e x t e n t  t h a t  t h i s  i s  v a l i d ,  (D15) is  c o r r e c t .  Note t h a t  (D15) 
is  the  szme as condi t ion  ( I V )  i d e n t i f i e d  prev ious ly ,  and t h a t  (I) 
is  a s p e c i a l  ca se  of (IV). 
The only s p e c i a l  t h i n g  about t h i s  a l t e r n a t e  de r iva t ion  is  t h a t  
we did.not assume = 0 a t  t h e  o u t s e t .  W e  were cons ider ing  cases  
where 3 = 0 b u t  6 and hence 7 not -necessar i ly  equa l  t o  zero. Note 
tha t ,  i n  retrosp.ecL, we  now have B = { 0  , 0 ~ 3 1  r s o  $1 = 62 = M1 = 
M2 = 0. The r e s u l t  is then t h a t  T = 0 anyway. 
In t h e  nex t  ' s ec t ion  w e  cons ider  , t h e  s t a b i l i t y  of t h a  equi l ib r ium 
points enumerated here.  
I 
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I n  t h i s  appendix w e  i n v e s t i g a t e  t h e  s t a b i l i t y  o f  a p a r t i c u l a r  
e q u i l i b r i u m  p c i n t ,  namely p o i n t  I V  o f  Appendix D. This  s t a b i l i t y  
i n v e s t i g a t i o n  i s  c a r r i e d  o u t  by l i n e a r i z i n g  t h e  sys tem e q u a t i o n s  
about  t h e  e q u i l i b r i u m  p o i n t  and t h e n  forming t h e  c h a r a c t e r i s t i c  
equat ion .  A s t u d y  o f  t h e  r o o t s  o f  t h i s  e q u a t i o n  then  de te rmines  
t h e  s t a b i l i t y  o f  t h e  sys tem n e a r  t h e  e q u i l i b r i u m  p o i n t .  T h i s  does 
n o t  r u l e  o u t  t h e  p o s s i b i l i t y  o f  l i m i t  c y c l e  l i k e  behav io r  but i s  
n o n e t h e l e s s  a  u s e f u l  t echn ique .  From t h e  a n a l y s i s  t h a t  fo l lows ,  
c e r t a i n  conc lus ions  may b e  drawn. These conc lus ions  and t h e i r  
consequences are d i s c u s s e d  a t  t h e  end o f  t h i s  appendix. 
- $ Consider  p e r t u r b a t i o n s  abou t  t h e  e q u i l i b r i u m  p o i n t  
- 
w = (0 ,  O ,  a )  ( ~ 1  1 
I 
ii = t o ,  0 ,  B) 
Then 
- 
w = {6wlr - 6 ~ 2 ,  Q + 6w3) (E2 1 
I = { 6 ~ ~ ,  68,. B + 6B3} 
4 The f o l l o w i n g  e q u a t i o n s  t h e n  app ly  
3 6h1 = Q6B2 - B6w2 Ic $~ .', 6h2 = B6wl - me1 (E3 1 
- 6 i 3  = 0 
where we have dropped second o r d e r  terms i n  eq. (E3). NOW, assuming 
a l i n e a r  c o n t r o l  law, i.e., 
. 
+ 
- ; I  '1 M3 = 0 
'T Then, s i n c e  
0 
T = E x E  
We o b t a i n  
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S i K i l a r l y ,  w e  may s t a r t  w i th  eq. (1) , s u b s t i t u t e  from (E2) 
and drop second o r d e r  terms i n  t h e  r e s u l t .  Thus w e  o b t a i n  t h e  1 l i n e a r i z e d  equa t ions  of  motion about  t h e  equ i l i b r i um p o i n t  
. 
1 ~ 6 w j  " T 3  
These may be  w r i t t e n  i n  a  way t h a t  makes them e a s i e r  t o  i n t e r p r e t  
I * 
. i by us ing  t h e  fo l lowing shor thand  n o t a t i o n :  
h  + n(13 - 12)  = Q(13e - 12)  = a 1  ( E l 0  
h  + ~ ( 1 3  - 11) = ~ ( 1 3 ~  - 11) = ~2 ( E l l )  
Using t h i s  n o t a t i o n  and s u b s t i t u t i n g  f o r . t h e  Ti from ( ~ 6 )  w e  o b t a i n  
L 2 6k1 = -KB 60 a16w2 + KBQGB1 + 06B2 
1 - - - 11 I1 I1 
a;2 = (126dl - - K B ~ ~ U ~  + 0681 + - KBQ6B2 (El2 
5 . .  I 2  I 2  
.- 6i1 = +06wl - B6w2 + 0681 + Q6B2 
ah; = s a w l  + o a w 2  - n6B1 + 06B2 
i 
L 
( The l a s t  two equa t ions  a r e  from (E3). Note t h a t  t h e  l a s t  equa t ions  
h i n  (E3) and (E7) i x i e d i a t e l y  y i e l d  
6h3 = 0,  603 = c o n s t  = 0,  w3 = 0. 
Equations (E12) c o n s t i t u t e  f o u r  f i r s t  o r d e r  o r d i n a r y  l i n e a r  d i f -  
f e r e n t i a l  equa t ions  i n  f o u r  unknowns. They are o f  t h e  form 
? = A %  (El2 ,a) 
where A is  a square  ma t r i x  w i t h  c o n s t a n t ' c o e f f i c i e n t s .  
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Now, i f  A i s . n e g a t i v e  ( p o s i t i v e )  d e f i n i t e  i t  may be immediately 
shown t h a t  t h e  system descr ibed by (E12,a) i s  assympto t ica l ly  
s t a b l e  (uns tab le )  by applying &iapunovts  ( ~ h e t a y e v ' s )  s t a b i l i t y  
theorem t o  t h e  funct ion v = x*x.  Unfor tunate ly ,  f o r  our  problem, 
a s  f o r  many o t h e r s ,  A i s  s i g n  i n d e f i n i t e  and t h e  theorems noted 
a r e  no t  s o  e a s i l y  appl ied.  
Ins tead ,  w e  Laplace t ransform (E12,  a )  
. 
and 
. x ( t )  -1 - = L-I{ ( A  - 1s) (-xo) 1 
Note tha t ,  a s  shown by E15, a l l  t h e  components o f .  %(s) (remember, 
. G ( t )  and X ( s )  are column vec to r s )  have a denominator D (s) and 
D ( s )  = Determinant (A - I S )  
Now; D ( s )  may a l s o  be  w r i t t e n  a s  
where t h e  s i  a r e  t h e  r o o t s  of D ( s )  = 0 o r  D e t  (A - Is) = 0. 
A l t e rna t e ly ,  t h e  s i  a r e  t h e  e igenvalues  of  t h e  mat r ix  A. Obviously, 
for s t a b i l i t y ,  it is necessary and s u f f i c i e n t  t h a t  t h e  real p a r t s  
of t h e  S i  be less than zero-  
To determine t h e  S i  we expand 
D ( s )  = D e t ( A  - Is) = 0 (El9 
ob ta in ing  t h e  ( l i n e a r i z e d  system) c h a r a c t e r i s t i c  equa t ion  i n  terms 
of t h e  var ious  system parameters. The mat r ix  A from (E12) is 
and t h e  expansion ( ~ 1 9 )  y i e l d s ,  a f t e r  a l i t t l e  a lgeb ra  
Report No, 9 0 3 4 5  
Page E-4 
Wa r e t u r n  now t o  condi t ions  (a3)  and ( a4 ) .  01 can always be  
made g r e a t e r  than r s r o  f o r  s u f f i c i e n t l y  l a r g e  gain  K. For K = 0, 
(a3) may be wri t te .& a s  
Various c a s e s ' o f  t h i s  can now be considered.  I f  !2 i s  smal l  and 
l e s s  than  ze ro  (oppos i te  i n  sense  t o  h ) ,  (E24) is e a s i l y  s a t i s f i e d .  
I f  !J i s  small  and p o s i t i v e  t h i s  r e l a t i o n  is  always s a t i s f  ad. For 
l a r g e  values  of  S'2 ( e i t h e r  s i g n )  13eJ313. I f  13 is  a major o r  minor 
a x i s  (E24) is always s a t i s f i e d .  I f  I 3  is an intermediaJ:e a x i s ,  
CE24) may f a i l  ( f o r ,  K = 0)  f o r  s u f f i c i e n t l y  l a r g e  i2 (which i s  re-  
qu i r ed  t o  make 13emPI3). Before t h i s  happens t h e  c r i t e r i o n  (a5) 
w i l l  f a i l ,  s o  we need n o t  concern ourse lves  wi th  (a3) except perhaps 
f o r  some in te rmedia te  values  of  Q, such t h a t  n e i t h e r  I3e-11, I 2  no r  
. 13e-.13. I f  we make some s imp l i fy ing  assumptions- namely If - I 2  = I ,  
and 13, = n I ,  ( ~ 2 4 )  reduces t o  
(n - 1 1 2  > (n - 2). (E25) 
which holds  f o r  a l l  values  of  n ,  p o s i t i v e  and negat ive .  It would 
seem t h a t  except  f o r  a r a t h e r  oddly conf igured satellite t h a t  @ 1 > O ,  
and (a3) p re sen t s  no problems. I n  f a c t ,  un l e s s  t h e  r a t i o  between 
11 and 12 i s  g r e a t e r  than 5:1, a 3  must b e  s a t i s f i e d .  Addi t iona l ly ,  
f o r  D O ,  $1 i nc reases  and (a3) presents  even fewer problems. On t h e  
b a s i s  of t h i s  a n a l y s i s  w e  t u r n  ou r  a t t e n t i o n  t o  condi t ion  (a4) .  
Now, from condi t ion  ( a s )  w e  see t h a t  t h e  second t e r m  o f  (E26) i s  
l e s s  than zero. Thus, i f  t h e  f i r s t  term i s  less than zero ,  t h i s  
system is  unstable .  I t  is  a requirement then ,  f o r  s t a b i l i t y ,  t h a t  
I3= be t h e  major p r i n c i p a l  a x i s  of  t h e  sa te l l i t e  ( ie ,  13e>max (11,121 
Now, f o r  our  system, 13 is a minor a x i s ,  and f o r  l a r g e  values  of 
0, 13e*13, s o  t h e  system i s  unstable .  For Q>0,  i n  f a c t ,  13e is  
always' a minor a x i s  ( i f  I 3  i s ) .  The only s t a b l e  va lues  f o r  opera- 
t i o n  are p o s i t i v e  values  r,,t "large" .  I n  examining t h i s  problem 
we now t u r n  t n  a nuinerical s tudy.  
For a numerical eva lua t ion ,  t h e  fol lowing va lues  are sub- 
s t i t u t e d  ' i n  condi t ions  (a3) , (a41 and ( a5 ) .  
= 35 s l u g - i t 2  (47.5 ~ ~ - r n 2 )  
12 = 50 s lug - f t2  (67.9 Kg-m2) 
1 3  = 25 s lug - f t2  (33.9 ~g-m2) 
B 0.5 ~ a u s s  
h = 0.7 l b f - f t - s e c  (0.944 N t - m - s e c )  
a l o 4  pole-cm/(S x 10-4 ~ a u s e / ~ e k )  = 2x10-8Nt-m/(~asla2/sec) 
w 
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K i s  chosen by c a l c u l a t i n g  t h e  d e s c r i b i n g  f u n c t i o n  f o r  a  f l i p - f l o p  
c o n t r o l  law and a system o s c i l l a t i o n  ampl i tude  o f  abou t  woo Note 
t h a t  K d e c r e a s e s  a s  w grows and hence t h e  sys tem becomes less 
s t a b l e .  NOW, (a31 becomes 
2 4 + l = 5 0 1 9 n 2 - 9 7 . 7 0 + 0 . 8 9 + K B  > O  (E27) 
(E27) h a s  no  r e a l  z e r o s  even f o r  t h e  w o r s t  c a s e  ( K  = O ) ,  s o  w e  
need n o t  concern o u r s e l v e s  w i t h  it f u r t h e r .  We n e x t  look a t  ( a s )  
and determine  t h e  maximum v a l u e  o f  0 f o r  which T, is  a major a x i s  
( r e c a l l i n g  t h a t  t h i s  is  r e q u i r e d  by + 2 )  
The r e s u l t  i s  Qm,, = 0.. 0278 rad/sec .  
F i n a l  'ly, w e  examine $2 (express ion  a4)  : 
t 
We a r e  i n t e r e s t e d  i n  de te rmin ing  whether  $2>0 f o r  .0278>Q>O. T h i s  
is r e q u i r e d  i f  w e  a r e  t o  have  any s t a b l e  r e g i o n  o f  o p e r a t i o n  a t  a l l .  
T h i s  t a s k  is somewhat s i m p l i f i e d  by f i r s t  examining $1. We see t h a t  
$1  is  r e l a t i v e l y  c o n s t a n t  f o r  t h i s  range  o f  Q. I n  f a c t ,  f o r  K = 0 ,  
and 
$ l d n  = 0.418 a t  Q = 0.00973 
K = 0 i s  s u r e l y  t h e  wors t  p o s s i b l e  c a s e ,  s i n c e  a s  K i n c r e a s e s ,  s o  
does $1 and t h u s  42 w i l l  i n c r e a s e  i f  we are i n  t h e  range  0<9<0.0278. 
NOW, (E29) h a s  o n l y  two r e a l  roots. One i s  obv ious ly  a t  
Q = 0 ,  t h e  o t h e r  l ies a t  abou t  S l  = 0.05. Between t h e s e  r o o t s  $2'0. 
Thus we have ensured  a s t a b l e  r e g i o n  o f  o p e r a t i o n  f o r  
One may convince o n e s e l f  o f  t h e  t r u t h  o f  t h i s  r e s u l t  by re- 
t u r n i n g  t o  equa t ion  (E21) , s u b s t i t u t i n g  v a l u e s  f o r  t h e  c o e f f i c i e n t s  
and t h e n  s o l v i n g  the r e s u l t i n g  e q u a t i o n  numer ica l ly  f o r  t h e  r o o t s  
S i .  I t  i s ,  of c o u r s e ,  a  neceffsary and s u f f i c i e n t  c o n d i t i o n  f o r  
s t a b i l i t y  t h a t  a l l  t h e  s i  l i e  i n  t h e  1 e f t . h a l f  p lane .  
I' z.2 
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J Subs t i t u t i ng  i n t o  (E21) w e  ob t a in  
I 
3 + (462n4 - 45n3 + 0 . 8 9 ~ ~ ) .  = 0 (E32) Numerical so lu t ions  f o r  the r o o t s  o f  (E32) confirm t h e  r e s u l t s  (E31) obta ined t h r u  t h e  Routhian ana lys i s .  I I 
A l l  of t h e  r e s u l t s  ob ta ined  i n  t h i s  appendix, up t o  t h i s  p o i n t ,  
a r e  only v a l i d  i n  a r igorous  sense ,  f o r  motion i n  t h e  "neighborhood" 
of  t h e  equi l ibr ium poin t .  Otherwise t h e  l i n e a r i z a t i c i ~ s  made i n  
ob ta in ing  t h e  s y s t e n  equat ions  (E12) a r e  n o t  al lowable.  Nonetheless, 
considerable  l i g i t a l  s imula t ion  exper ience i n d i c a t e s  t h a t  t h e  res Its 
obtained i n  t h i s  s e c t i o n  a r e  i n  f x c t  app l i cab le  t o  t h e  real (noi 
l i n e a r )  system. Let  us cons ider  then t h e  s i g n i f i c a n c e  o f  t h e s e  re- 
s u l t s .  F i r s t  o f - a l l ,  they i n d i c a t e  t h a t  t h e  t e r m i n a l . a t t i t u d e  of  t h e  
s a t e l l i t e  must be such t h a t  t h e  momentum b i a s  p o i n t s  a long t h e  o r b i t  
normal, r a t h e r  than oppos i te  it. W e  remember t h a t  j n  the t e rmina l  
condition t h e  s a t e l l i t e  has  an angular  v e l o c i t y  2woen. If t h e  z a t e l -  
l i t e  were to  acqui re  "backwards", then t h e  angula r  v e l o c i t y  2 w e n  
would~correspond t o  R < O ,  and w e  have seen t h a t  t h i s  equ i l i b r ium p o i n t  
is an uns tab le  one. We have seen t h a t  t h e r e  are no s t a b l e  equi l ib r ium 
po in t s  wi th  very high angula r  v e l o c i t i e s ;  t h e  g r e a t e s t  being 2 = 
0.0278 rad/sec. 'dhis means t h a t ,  wi th  t h e  except ion o f  p o s s i b l e  l i m i t  
cyc le  d i f f i c u l t i e s ,  t h i s  system should be  w e l l  behaved and t h e  c o n t r o l  
theory developed i n  t h e  main body o f  t h i s  r e p o r t  provides  f o r  t h e  
p o s i t i v e  despin of t h e  vehicle .  The au thor  also wishes t o  no te  t!!at 
he has  observed no l i m i t  cyc l e  behavior  dur ing  ex t ens ive  d i g i t a l  s inu-  
l a t i o n  o f  t h i s  system. 
The reader  is probably asking,  a t  t h i s  p o i n t ,  "How about t h e  
equi l ibr ium po in t s  I1 and I11 enumerated i n  Appendix D". The answer 
is t h a t  t h e  author  has  n o t  y e t  had t i m e  t o  perform a r igorous  s t a b i l -  
i t y  a n a l y s i s  f o r  t he se  po in t s .  However, 3n t h e  b a s i s  o f  d i g i t a l  simu- 
l a t i o n  i t  appears t h a t  t hey  are n o t  s t a b l e  p o i n t s  un l e s s  w l  = w2 = 0,  
which is of  course t h e  c a s e  t r e a t e d  here.  
F i n a l l y ,  we  no t e  t h a t  even the s t a b l e  equ i l i b r ium states de t e r -  
mined he re  p re sen t  no r e a l  despin  problems. The i n v e s t i g a t i o n s  he re  
d e a l t ,  f o r  s i m p l i c i t y .  w i th  a f i x e d  e x t e r n a l  magnetic f i e l d .  I n  f a c t ,  
even i n  t h e  worst  case  (an Equa to r i a l  o r b i t  wi th  t h e  p i t c h  wheel a long 
the o r b i t  normal) t h e  Ea r th ' s  f i e l d  appears t o  cone about wi th  a h a l f  
angle of 11.7O. I f  t h e  s a t e l l i t e  is t o  remain i n  t h e  equi l ib r ium 
s t a t e ,  it t o o  must cane about the o r b i t  normal a t  frequency wo. The 
con t ro l  to rques  maintaining t h e  equi l ib r ium stcte (i . e. damping o u t  i 
dis turbances  - which is how t h e  coning of  t h e  B f i e l d  appears t o  t h e  \ 
system) a r e  e s s e n t i a l l y  d i s s i p a t i v e  i n  n a t u r e ,  s i n c e  they oppose 
sensed v e l o c i t i e s .  The f i n a l  r e s u l t  is then t h a t  even t h e  smal l  
r e s idua l  s p i n  C < ' -0278  rad/sec a long t h e  momentum b i a s  w i l l  he  e l i m -  
i na t ed  due t o  t h i s  p rev ious ly  unconsidered e f f e c t .  
